The problem of blood flow in a narrow catheterized artery has been investigated using a two-phase macroscopic model of blood (i.e., a suspension of red cells in plasma). It is found that the effective viscosity and the frictional resistance increase with hematocrit. Flow characteristics assume lower magnitudes in catheterized artery as compared to uncatheterized artery for any given set of parameters. Numerical results reveal that the effective viscosity and the increased frictional resistance assume their minimal magnitude and consequently the volumetric flow rate assumes its maximal magnitude during the artery catheterization at the catheter size approximately fifty percent of the artery size.
Introduction
Blood is a marvelous fluid which nurtures life. For over a couple of centuries, the theoretical and experimental studies of blood flow through the circulatory system of living mammals, has been the subject of scientific research. The experimental observations and the theoretical analyses of blood flow are very useful for the diagnosis of a number of cardiovascular diseases and development of pathological patterns in animal or human physiology. Mathematical modeling of blood flow has been subject to modifications in order to account for the new evidences uncovered through the improved initial experimental observations (cf. [1] ). These studies used single-phase Newtonian viscous homogeneous fluid to represent blood, a classical approach which does not account for the presence of red cells (erythrocytes) in blood. Red blood cells are known to be responsible for many of the blood properties and diseases, and consequently dominate the flow field (cf. [2] ). In large arteries such as aorta, the single-phase approach although provides satisfactory tools to describe certain aspects, it however fails to explain the behavior of blood while flowing through small diameter vessels (2400-8 µm; [1] ).
Blood being a suspension of corpuscles, at low shear rates behaves like a non-Newtonian fluid in small arteries (cf. [3] [4] [5] [6] [7] ). Besides, the theoretical analysis of Haynes [8] and experimental observations of Cokelet [9] indicate that blood can not be treated as a single-phase homogeneous viscous fluid in narrow arteries (of diameter ≤ 1000 µm). The individuality of red cells (of diameter 8 µm) is important even in such large vessels with diameter up to 100 cells' diameter (cf. [1] ). Skalak [10] concluded that an accurate description of flow requires consideration of red cells as discrete particles. In addition, Jung et al. [11, 12] discussed the steady and pulsatile blood flow of particulate build up on the single curvature of coronary artery using multiphase of dense suspension hemodynamics. A brief survey of the literature on the multiphase blood flow has been presented by Srivastava [13] . It is to note that the average hematocrit in human blood under normal health conditions lies between 40-45 percent. In addition, certain observed phenomena in blood including the Fahraeus-Lindqvist effect, non-Newtonian behaviour, etc. can not be explained fully by treating blood as a single-phase fluid. The individuality of erythrocytes can not therefore be ignored while dealing with the problem of microcirculation also. It seems to be therefore necessary to treat the whole blood as a particle-fluid (erythrocyte-plasma) system while flowing through narrow arteries.
The use of catheters is of immense importance and has become standard tool for diagnosis and treatment in modern medicine. A catheter is made of polyester based thermoplastic polyurethane, medical grade polyvinyl chloride, etc. For the purpose of flexibility PVC materials containing added plasticisers are used in catheters which enable them to move through the branches or curved paths of the circulatory system. Transducers attached to catheters are widely used in clinical works and the technique is used for measuring blood pressure or other mechanical properties in arteries (cf. [14] [15] [16] ). In balloon angioplasty, inflatable balloon catheters are widely used to clear short occlusions due to the atherosclerosis. The catheter is carefully guided to the location at which stenosis occurs in the coronary arteries and the balloon is then inflated to fracture the fatty deposits and widen the narrowed portion. An inserted catheter in an artery will increase the impedance and will modify the pressure distribution and alter the flow field. Consequently, the pressure recorded by the attached transducer to the catheter will differ from that of an uncatheterized artery. An estimate of catheter induced error to have an accurate pressure reading is therefore essentially required.
Supported by the experimental results on a controlled dog, Kanai et al. [17] established theoretically that to reduce the error at the tip of the catheter for each experiment, a catheter of appropriate size (diameter) is needed, Bojorno et al. [18] [19] [20] and Hellsten and Petterson [21] experimentally studied the hydro and hemodynamic effects of catheterization of vessels in a series of papers. By means of an experimental investigation, Nimmi et al. [22] established that the vortices induced in the aneurysm influence and modify the axial velocity and secondary flow due to the vessel curvature. McDonald [23] obtained theoretical results for catheter positioned coaxially and eccentrically in an artery with elliptical cross-section. Manjula and Devanathan [24] studied the effect of a catheter probe in a stenosed artery and concluded theoretically that an error in measurement can be minimized by using a smaller catheter size. The clinical importance of coronary angioplasty was discussed by Back and Denton [25] . The important hemodynamical characteristics including wall shear stress, pressure drop and frictional force (impedance) in catheterized coronary arteries with and without stenosis was discussed by Back and coworkers [26, 27] . Karahalios [28] and Jayaraman and Tiwari [29] investigated the effects of catheterization on various flow characteristics in a curved artery. Dash et al. [30] studied the effects of catheterization on the flow patterns in a narrow artery using Casson model fluid and estimated the increase in flow resistance due to catheterization. The changed flow patterns of pulsatile blood flow in a catheterized stenosed artery were studied by Sarkar and Jayaraman [31] . Dash et al. [32] further addressed the problem in a stenosed curved artery. Recently, Sankar and Hemlatha [33] addressed the problem of pulsatile flow of a Hershel-Bulkley fluid in catheterized arteries. Besides, a geometrically similar biomechanical problem of peristaltic pumping to study the effects of inserted catheter on urethral flow was analysed by Roos and Lykoudis [34] . A number of authors including Hakeem et al. [35] , Hayat et al. [36] , Srivastava [37] and most recently, Hayat et al. [38] , Ali et al. [39] , Ali and Hayat [40] , etc. have explained the effects of an endoscope on flow behaviour of chyme in gastrointestinal tract.
A survey of the literature on the topic indicates that barring a few who discussed the problem with non-Newtonian fluid, the majority of the investigations have been carried out with Newtonian fluid. As pointed out earlier that erythrocytes highly dominate the blood properties and influence the flow patterns, particularly in small diameter vessels, a study based on hematocrit thus seems to be of significant practical use and clinical applications. It appears however, that no effort at least to the author's knowledge has been made to observe the effects of an inserted catheter on flow characteristics using the twophase macroscopic model of blood. The aim of the present investigation is therefore to estimate the effects of hematocrit and the catheter size on blood flow characteristics in narrow arteries. The mathematical model considers the flow through the gap between the artery and the inserted catheter when blood is represented by the particulate suspension model (i.e., a suspension of erythrocytes in plasma).
Formulation of the problem
Consider the axisymmetric flow of blood through the gap between an artery of radius, a and a catheter as a coaxial cylinder of radius, a 1 ( Fig. 1 ). It is assumed that blood is represented by a two-phase macroscopic model, that is, a suspension of red cells (particles, also called erythrocytes) in plasma (fluid) which is a Newtonian viscous incompressible fluid. The flow in the artery is due to a constant pressure gradient along its axis. The artery length is assumed to be large enough as compared to its radius so that the entrance, end and special wall effects can be neglected.
The equations governing the conservation of mass and the linear momentum for the steady flow of a particle-fluid system, using a continuum approach, are expressed (cf. [41, 42] ) as 
where
is the Laplacian operator; (r, z) is cylindrical polar coordinates with z measured along the tube axis and r perpendicular to the axis of the tube; (u f , u p ) and (v f , v p ) are the velocity components of (fluid, particle) phases along z and r directions, respectively; ρ f and ρ p are the actual densities of the material constituting the fluid and the particle phases, respectively; (1 − C )ρ f and C ρ p are the fluid and particle phases density, respectively; C denotes the volume fraction density of the particles; µ s (C) = µ s is the suspension viscosity (apparent or effective viscosity); p is the pressure and S is the drag coefficient of interaction for the force exerted by one phase on the other; and the subscripts f and p denote the quantities associated with the fluid and the particle phases, respectively. It is to note here that the pressure gradient has been assumed to be the same for the two phases which is true in most of the practical situations (cf. [1] ). The importance of the pressure gradient is well described in Drew [43] . The particle concentration is taken to be small enough so as to neglect the field interaction between them (cf. [44] ). The diffusivity terms which can model the effects of particle-particle impacts due to the Brownian motion are thus neglected. The volume fraction density, C of the particles is chosen constant which is a good approximation for the low concentration (up to C = 0.6) of small particles [41] . However, the model described in [11, 12] has considered the motion of the fluid and the particulates using the concept of local mean variables where the cell-cell interactions and drag force become important.
The expressions for the suspension viscosity, µ s and the drag coefficient of interaction, S for the present study are selected
where T is measured in absolute temperature (
• K), µ o is the constant fluid (plasma) viscosity and a o is the radius of a particle (red cell).
The empirical relation for the suspension viscosity, µ s suggested by Charm and Kurland [5] is found to be reasonably accurate up to the value of C (called hematocrit in the case of blood) = 0.6 (i.e., 60% hematocrit). Charm and Kurland [5] tested Eq. (7) with a cone and plate viscometer and found it to be in agreement within 10% in the case of blood. Eq. (8) derived by Tam [45] , represents the classical Stokes drag for small particle Reynolds number, modified to account for finite particulate fractional volume through the function λ (C).
To obtain the solution of Eqs. (1)- (6) seems to be a formidable task. In addition, the whole blood is a complex mixture, an attempt to analyse the system in an exact manner is very difficult due to the complicated structure of blood and the circulatory system. It is to mention here that blood can be represented by a two-phase macroscopic model only in narrow arteries (of diameter ≤ 2400 µm [1] ). Since the small blood vessels are more like a tunnel in gel, they may therefore be regarded as rigid circular tubes (cf. [46] ). The flow of blood in narrow arteries is known to be unidirectional (cf. [5] ). In view of these arguments, under the simplified assumptions along with their justifications, stated in Srivastava and Srivastava [ [44, 47] )
C dp dz
The boundary conditions are
Analysis
An integration of Eqs. (9) and (10), subject to the boundary conditions (11), yields the expressions for the velocity profile of fluid (plasma) and particle (erythrocyte) phases as
where ε = a 1 /a.
The volumetric flow rate (flow flux), Q is thus calculated as
with β = 8C (1 − C )µ s /Sa 2 , a non-dimensional suspension parameter and
The expression for the effective viscosity, µ e may now be written from Eq. (14) as
Now using Eq. (14), one calculates the pressure drop, p in the tube of length L as
The non-dimensional wall shear stress (frictional resistance or resistive impedance) is thus obtained as
where λ = p/Q and λ o = 8µ o L/π a 4 , λ o being the flow resistance for a Newtonian fluid in the absence of the catheter.
The dimensionless shear stress at the catheter wall which is another flow characteristic of certain particular interest, may be calculated as (18) with τ c = (a 1 /2)dp/dz and τ o = 4µ o Q /π a 3 , τ o being the shear stress for a Newtonian fluid in the absence of the catheter.
In the absence of the catheter (i.e., under the limit ε → 0), the results obtained in Eqs. (12)- (18) reduce to the Poiseuille flow of the erythrocyte-plasma system as
The results given in Eqs. (20)- (23) are the same results as obtained from Srivastava et al. [44] in the absence of external body acceleration.
In the absence of the particle phase (i.e., C = 0), the results of the present study (Eqs. (12)- (18)) reduce to the Poiseuille flow of a single-phase Newtonian fluid as 
Numerical results and discussion
To have a quantitative estimate of the various parameters involved, particularly the hematocrit, C and the catheter size, ε, computer codes are developed to evaluate the analytical results at a temperature of 25.5
• C. The particle diameter 2a o (erythrocyte diameter) has been taken to be 8 µm. Some of the critical results are displayed graphically in Figs. 2-9 and arranged in Tables 1 and 2 . Due to the non-availability of any such theoretical or experimental studies of two-phase macroscopic flow of blood through an artery with an inserted catheter, the results of the present study shall be compared with corresponding results obtained in the theoretical study of Srivastava et al. [44] in the absence of external body acceleration and also with the classical Poiseuille flow of single-phase Newtonian viscous fluid. The results of the present study under the limit, ε → 0, correspond to those obtained from the two-phase macroscopic model for blood flow used in Srivastava et al. [44] in the absence of external body acceleration. For C = 0, the results of the study reduce to the case of the flow of a Newtonian fluid through a catheterized artery. Under the limit, ε → 0 and C = 0, the present study reduces to the case of a classical Poiseuille flow.
One observes that the effective viscosity, µ e increases with artery size (radius), a for any given hematocrit, C and the catheter size, ε which is in conformity with the Fahraeus-Lindqvist effect (the apparent viscosity of blood decreases with the blood vessel size). Effective viscosity, µ e also increases with hematocrit, C for any given artery size, a and catheter size, ε (Fig. 2 and Table 1 ). For any given set of other parameters, µ e is found to be increasing for small catheter size, ε (0 ≤ ε ≤ 0.1) but the property deviates for large catheter size, ε (Fig. 3 and Table 1 ). Numerical results indicate that the increase in the effective viscosity assumes its minimum magnitude at ε = 0.5 and beyond this value of ε, the flow characteristic, µ e increases without bound. However, the effective viscosity µ e (cp) obtained in a classical Poiseuille flow (C = 0) are 1.2, 1.7562 and 1.6973 for ε = 0 (i.e., with out catheter), 0.1 and 0.3, respectively; and is independent of size.
The velocity profiles, u f and u p for both the phases (plasma and erythrocyte) assume lower magnitude in catheterized artery then in uncatheterized one (Figs. 4 and 5) . The variations in their magnitudes seem to be similar to that of the effective viscosity, µ e for any given artery size, a and the hematocrit, C . Velocity profiles, u f and u p decrease with artery size, a for a given catheter size, ε and hematocrit, C . In the presence of a catheter, the parabolic nature of velocity profiles, u f and u p is seen in the annular space between the artery and the catheter walls. The magnitude of the flow characteristics, u f and u p (plasma and erythrocyte velocity) decrease with the pressure gradient, −dp/dz. Erythrocyte velocity, u p at the tube axis assumes higher magnitude than plasma velocity, u f and the difference in their magnitude decreases with increasing radial coordinate r towards the artery wall in the absence of the catheter (i.e., ε = 0). A similar property is observed even in the presence of a catheter in which the position of the axis of the parabolic curve of flow lies in the gap between the artery and the catheter walls depending on the size of the catheter (the position of the axis of the parabolic curve shifts towards the artery wall). To have the quantitative estimate of the effects of catheter size, ε and the hematocrit, C for both the phases 4 dp/dz = 76 dyne/mm 3 dp/dz = 67.5 dyne/mm 3 Fig. 4 . Plasma velocity profile, u f for different hematocrit, C catheter size, ε and pressure gradient, −dp/dz in a 70 µm diameter artery.
(plasma and erythrocyte), some of the critical values in a 70 µm diameter vessel for different catheter size, ε and hematocrit, C have been arranged in Table 2 for pressure gradient value, −dp/dz = 76 dyne mm
The volumetric flow rate, Q increases with the pressure gradient, −dp/dz for any catheter size, ε and other parameters fixed. Flow rate, Q assumes significantly lower magnitude in catheterized artery than in uncatheterized artery (Fig. 6 ).
However, in the case of a catheterized artery the magnitude of Q is found to be maximum for the value of ε = 0.5, showing a similar nature of variation in Q as the flow characteristics, u f , u p or µ e . One notices that for any catheter size, ε, the flow rate decreases with increasing hematocrit, C . The non-dimensional shear stresses at artery wall (τ a ) and catheter wall (τ c ) increase with hematocrit, C for any catheter size, ε (Fig. 7) . The variation of τ a is similar to that of the flow characteristics, µ e , u f or u p with respect to the parameter, ε but the flow characteristic, τ c increases with catheter size, ε (Fig. 8) . It is noticed that shear stress, τ a at artery wall always Table 2 Velocity profiles, u f and u p in a 70 µm diameter blood vessel for pressure gradient, −dp/dz = 76 dyne mm −3 . Table 3 Experimental data for diseased and normal blood in a 70 µm diameter vessel (cf. [48] 1 dp/dz = 76 dyne/mm 3 dp/dz = 67.5 dyne/mm 3 C = 0.4 Fig. 5 . Erythrocyte velocity profile, u p for different catheter sizes, ε and pressure gradients, −dp/dz at 40% hematocrit in a 70 µm diameter artery. assumes higher magnitude than the corresponding magnitude of the shear stress at the catheter wall, τ c . Although, the effect of artery size on the magnitude of the shear stresses, τ a and τ c is small, still these characteristics increase with an increase in the artery size for any non-zero value of hematocrit, C but are independent of the blood vessel size in classical Poiseuille flow (i.e., at % hematocrit). To emphasize further on the results of the study and to observe its biological relevance an attempt has been made to estimate the influence of a catheter on flow rate, Q for diseased blood, using the experimental data given in Table 3 of Shu [48] , and the results obtained have been displayed in Fig. 9 . The flow rates obtained for diseased blood have been compared with corresponding values obtained for normal blood and also in uncatheterized artery. -dp/dz dyne/cm 3 
Conclusions
A two-phase macroscopic model for blood has been used to study the effects of hematocrit on increased flow resistance and other flow characteristics due to the presence of a catheter in narrow arteries. The study enables one to observe the effects of red cells concentration on flow characteristics in a catheterized artery, seems to be the only one of its kind in the literature. The effective viscosity, the frictional resistance and other flow characteristics are highly influenced by the hematocrit as well as the catheter size. The information that the effective viscosity and the flow resistance increase with the hematocrit seems to be of significant practical applications. Numerical results reveal that the effective viscosity and the increased frictional resistance assume their minimal magnitude and consequently the flow rate assumes its maximal magnitude during the artery catheterization for any given hematocrit when the catheter size is approximately fifty percent of the artery size. It therefore concludes that the catheter size must be kept less than half of the artery size during the treatment process of the patient. The study has been conducted under various simplified assumptions and approximations including the constant volume fraction density of the erythrocytes which ignores the mechanistic prediction of the existence of red blood cell depletion in the vicinity of physiological vessel walls as well as the shear dependence. The consideration of the erythrocyte migration thus remains as a challenge associated to the present study. It is therefore felt that careful investigations are further essential to arrive at better understanding of the macroscopic flow of blood in idealized arterial vessels.
